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Abstract 

We establish the Bethe equation of the -model in the JV-state chiral Potts model (in- 
cluding the degenerate selfdual cases) with alternating vertical rapidities. The eigenvalues of a 
finite-size transfer matrix of the chiral Potts model are computed by use of functional relations. 
The significance of the " alternating superintegrable" case of the chiral Potts model is discussed, 
and the degeneracy of -model found as in the homogeneous superintegrable chiral Potts 
model. 
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1 Introduction 

The theory of iV-state chiral Potts model is a beautiful and important, but technically difficult, 
subject in solvable lattice models. The lack of difference-property of rapidities inevitably causes a 
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technical complexity in the study of the chiral Potts model, a nature which distinguishes the theory 
from other known solvable lattice models. Nevertheless, progress has been made on the chiral Potts 
transfer matrix for the past two decades. For examples, one can study the maximum eigenvalue and 
low lying excitations of the homogeneous chiral Potts model in the thermodynamic L — > oo limit 
[Hi [lOl [31] , calculate the free energy and the interfacial tension [H [121 E] > an d also the eigenvalue 
spectrum was computed in the superintegrable case [II [Til Q2] . Furthermore, the knowledge was 
culminated in a recent proof of the order parameter by Baxter [16j . These results all rely on the 
technique of functional relations [T7j about the transfer matrix and fusion matrices of the associated 
r^-model in the extended study of chiral Potts model as a descendent of the six-vertex model 
found in [JJ5] . The study is along the line of TQ-relation method invented by Baxter in solving the 
eigenvalue problem of the eight- vertex model [HOE]- The Q-matrix of the -model considered is 
the chiral Potts transfer matrix. Through the functional-relation approach, the exact results about 
Onsager-algebra symmetry appeared in the homogeneous superintegrable chiral Potts model [33] 
can serve as a useful model case in the study of symmetry of solvable lattice models, among which 
are the root-of-unity six- vertex, eight-vertex model [20l[2ll[22l[23j[Ml[35l[Ml[38],and XXZ chains 
of higher spin [371 [39] . While in the functional-relation symmetry study of XXZ chains associated 
to the cyclic U q {sl2) representations labeled by the parameter £ 6 C* with q N = £ = 1, these 
XXZ chains are equivalent to certain chiral Potts models with alternating superintegrable rapidities 
[40j . Furthermore, the Q-operator investigation of the five-parameter r^-family appearing in [19] 
has shown that the r^-model is indeed the same theory as the chiral Potts model of alternating 
rapidities when the degenerate forms are included [41J. This suggests the results in [Tl fTl ] \12 \ [TU 1 [3T] 
about the eigenvalue spectrum could be better understood through a general setting of the chiral 
Potts model with alternating rapidities, including the degenerate cases. Indeed, after sorting out 
the technical details, one finds the functional relations in [T7] about the chiral Potts model with 
alternating rapidities also valid in the degenerate cases (for the details, see |41j). Note that in 
the case of alternating rapidities, Baxter extended the study of chiral Potts model and functional 
relations to a general r^-model in [15] . where the vertical rapidities are not necessarily required 
in the same curve. The Baxter's " inhomogeneous" model is more general than the r^-model in 
this work where we assume all rapidities in the same rapidity curve. For convenience, throughout 
this paper by the iV-state chiral Potts model (CPM), we always mean the chiral Potts model with 
alternating rapidities and degenerate cases included, unless otherwise stated. The purpose of this 
paper is to compute the eigenvalue spectrum of the finite(-size) transfer matrix of CPM. Note that 
the solution of the homogenous CPM, except in the superintegrable case, is yet unknown to the 
best of the author's knowledge. It is a challenge to obtain all the eigenvalues as they can be solved 
completely for the finite-size Ising model [71(32]. In the present paper, we find an explicit formula 
of eigenvalues of the finite transfer matrix of CPM by use of functional relations in [17] and the 
Bethe equation of r^-matrix generalized as in [5Tj . We first obtain the r^-ei genvalues using the 
solutions of Bethe equation established by the Wiener-Hopf splitting method in [3T]. Those Bethe 
solutions are formed compatibly with the r^T-relation in CPM. We then find that the scheme 
in [10[ [3"T] for the investigation of maximum eigenvalue and excitations of large lattice limit in 
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the homogeneous CPM can be extended to our study of solving all eigenvalues of the finite chiral 
Potts transfer matrix. Here, aside the conceptual precision, technical accuracy is also needed for 
the correct expression of these eigenvalues and quantum numbers as the exact form is required 
to reproduce results in homogeneous superintegrable CPM previously known in [H QT1 H] • This 
paper is organized as follows. In section [21 we recall some known results in r^-model and CPM. 
In section [27TT we first summarize some basic facts about the fusion relation of r^-model (for more 
details, see e.g. |371 141]). Then we formulate various forms of rapidity parameters in CPM and 
introduce necessary notations for later use. In section 12.21 we recall briefly the main definitions of 
chiral Potts transfer matrix and its relation with t&> -matrix in [JJ [T7]. In section [3l we discuss 
the Bethe equation of r^-matrix in CPM. Suggested by the r^T-relation in CPM, we describe in 
section 13.11 a general mechanism of constructing r( 2 )-ei genvalues as solutions of the fusion relation. 
Then in section 13.21 we apply the Wiener-Hopf splitting technique in [31] to establish the Bethe 
equation of -model. In section HI we compute the eigenvalues of the finite transfer matrix in 
CPM. Here we follow [TU] and define the normalized chiral Potts transfer matrix with alternating 
rapidity parameters. First in section 14.11 we recall and address technical details about functional 
relations in terms of the normalized chiral Potts transfer matrix. Those formulas could be known 
for specialists as a straitforward extension of the homogeneous case |10j . However, the explicit 
formulas of CPM (including the degenerate case) in the alternating-rapidity case have not been 
previously published in the literature to the best of our knowledge. Since the correct expressions 
will be needed in later discussions, we present a derivation of those relations here in spite of much 
of the result just paraphrasing the work of [TO] in a slightly general form. In section [Ol we derive 
the formula of eigenvalues of the finite chiral Potts normalized transfer matrix by use of functional 
relations and results in section 13.21 about Bethe solutions of r^-model. In section 14.31 we discuss 
the "alternating superintegrable" case, where a simplification in the Bethe equation occurs, so is 
the expression of eigenvalues of t^' and chiral Potts transfer matrix. The degeneracy of the t^- 
matrix is found, and a comparison of the result with that in the homogeneous CPM is also given 
there. Finally we close in section [5] with some concluding remarks. 

2 The r^-model and the iV-state Chiral Potts Model 

In this paper, denotes the vector space of iV-cyclic vectors with the basis |n),n £ Zn (:= 
Z/NZ). We fix the iVth root of unity u = , and X, Z, the Weyl C^-operators : 

X\n) = \n + 1), Z\n)=uj n \n) (neZ N ), 

satisfying the relations XZ = w _1 ZJ and X N = Z N = 1. 

2.1 The r (2) -model 

The r^-model (also called the Baxter-Bazhanov-Stoganov model [26 1 127 1 128]) is the five-parameter 
family associated to the L-operators of C 2 -auxiliary, C^-quantum space with entries expressed 
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by the Weyl operators X, Z: 



satisfying the Yang Baxter equation for the asymmetry six-vertex i?-matrix. Here t is the spectral 
variable, and a,b, a',b',c are non-zero complex parameters. The monodromy matrix of the chain 
size L is 

<g>I*(*)=[ * L ® V Li® = L(t) at site t, (2.2) 

The t^ 2 ) -matrix is the w-twisted trace of the above monodromy matrix: 

T^\t)=A L {Lot) + D L {ujt), (2.3) 

which form a commuting family of C -operators, commuting with the spin-shift operator, de- 
noted again by X (:= Yii Xe) when no confusion could arise. The r^-eigenfunction is a polynomial 
in t of degree L, and its X-eigenvalue defines the charge uj® with Q £ Zjy. It is known that the 
quantum determinant of (|2.2p is equal to z(t)X where 

,uc(ab - t)(a'b' - t)^ L 
~(Wb^ 

and the "classical" monodromy matrix is 



= y ^ ^ J = <Li)(L 2 )...(L L )(= (L) L ), 
^_ ( b' N b N - c N t N b' N - a N c N \ 



(2.5) 



-(b N -a' iy c N )t N a'"a N c N -t [ 

([26] (88) (45), [37J (2.9) (2.24), [42J). Here (O) := UZ^ denotes the average of the 

(commuting family of) operators 0(t) for t G C. From the L-operator (|2.1|) . one can construct 
-matrices, with = 0, t^ 1 ' = / and in f|2.3[) . so that the fusion relation holds: 

Recursive relation : t& (<J-H)t® (t) = z{uji- l t)XT^- l \t) + r^ +1 \t), j > 1; 
Boundary relation: r^ +1 )(t) = s^Xr^ -1 )^) + u(t)I, 

where z(i) is in and u(t) = (^ L ) + (D L )(= the trace of (L) L ) (see, [371 Proposition 2.1, [26] 

(107), |37j (2.30) and [41] (2.25)). By the recursion relation in ([2^]> . r^(i) can be expressed as a 
r ( 2 )." polynomial" of degree (j — 1) for j < N + 1, 

^r>v<) + E(-*)' e n ( ^0y^ n^(^)) 

s=0 fe=l l<ii<'i 2 <' — <'i fe <j'-2 £=1 V V ' V 7 s=0 7 

where the notion <' means ii + 1 < ig+i. The boundary relation in (12. 6p then gives rise to 
the functional equation of T^ 2 \t): 



[AT] 

s=o fc=l ^eXfc le/fe v v i \ j s =o ' 



u(t)I , (2.7) 
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where the index sets Ij~ run through all subsets It of Z^r with k distinct elements such that i ^ i' + l 
(mod N) for G Ifc. For examples, the expressions of (|2.7p for iV = 3, 4 are 

^ = 3 : E^o^V*) " (E*=o^K (2 V' +1 *))* = u{t)I- 

N = 4 : n?=o ^ (2) (^*) - (E?=o ^)^ (2) + (z(t)z(u, 2 t) + z(wt)z(o; 3 t))X 2 = «(*)/, 

(see L-33 (13)-(15)). 

There is a three-parameter subfamily of t^ 2 ) -models, denoted by T^y, appeared in the iV-state 
chiral Potts model with alternating vertical rapidities p,p', whose coordinates (x, y, p) £ C 3 satisfy 
either an algebraic curve relation for the parameter k!: 

2% : kx N = 1- k'p~ N , ky N = 1 - jf//* (k' + ±1, 0, A: 2 + k' 2 = 1), (2.8) 

(see, e.g. |17| ) or the various degenerate k' = ±1 versions of the above curves, defined by one of 
the following equations ([4=1] (3.22) (3.25) (4.3)): 

~ N , y" = l- p N ; 

1, M * = 1; (2.9) 
0, p N = ±1. 

The genus of a rapidity curve in CEH]) ([2JjD is (iV 3 - 2iV 2 + 1), n s sn 2 +2 ^ N^m+l^o respectively, 
and each is invariant under the automorphisms: 



W[ : 


x w 


= l-p 


W'l : 


x N 


+ y N = 


2D?' : 


x N 


+ y N = 



R : (x, y, p) i-> (y, ux, p T : (x, y, p) i-> (wi, cj x y,o; V), 

*7 : (x,y,fi) h-> (ujx,y,p), U' (= i? 2 ?/" 1 ) : (x,y,(i) h-> (x,uy,p). 



(2.10) 



We shall use i, A, x to denote the variables 



t = xy, \ = fJt N , x = x 7V . (2.11) 



By eliminating A, a curve in (|2.8p or (|2.9p is reduced to a xy-curve correspondingly: 

x iV + y 7V = fc(l + x iV y iV ), x^ + y^ =iV, x N + y N = 1, x N + y N = 0. (2.12) 



The quotient of the above xy-curve by the automorphism T in (|2.10p depends on the variables t 

\T-l i r JV- 
2 J' I 2 



and x, which defines a hyper elliptic curve of genus N — I, [^] and respectively: 



W k ,:t N = (1 - k ' X) %- k ' X \ W{:t N = (1 - A)(l - A" 1 ), 
: t N = x(l - x), W{" : t N = -x 2 . 



(2.13) 



Hereafter in the case W{" , we shall consider only the odd N as for even ./V it consists of two rational 
irreducible components. We will use r] to denote the complex number 
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respectively for Wy ,W[,W" ,W[" in ()2.13j) . The branched locus in the cases of Wy and W[" is 
defined by t = r/ ±Ar . For W{ and W", the branched value is: t N = 77 , while for odd N, there is 
another branched value with t = 0, oo respectively. We denote ft , tg the following branched values: 

(*+,*-) := (t? _1 ,77) for Wy and Wf , (77,77a;) for W-f and W". (2.15) 

For later convenience, we shall use (t, a) to denote coordinates of W in (|2.13p together with the 
conjugate variable of a: 

a = A, ^ = A" 1 , (t, A) E W*, or Wf; ^ 

cr = x, cr+ = 1 — x, -x, (i,x) E 14 7 " or W"' respectively. 

The interchange of x N and 7/^ of a xy-curve in (|2.12p induces the hyperelliptic involution of W in 
(|2.13|) : (t,a) 1— > (i, <r'). Hereafter, the letters p, q, ... will denote rapidities in a curve in (|2.8|) or 
(|2.9p . and write their coordinates by x p , y p , fi p , t p , X p whenever it will be necessary to specify the 



element p. The L-operator of T^L(t) in (|2.ip is defined by the affine coordinates of p,p' in (|2.8p or 



.(2) 

ui / 

(|2.9p with the parameters 

(a,b,a',b',c) = (x p ,yp,x p >,y p >,n P fj ip >), (2.17) 

(see [IT] (3.44a), [H] (2.18) (3.23) (4.4)), and the spectral parameter t is related to the rapidity 
variable q in or $Z9§ by OTTTD . The z(i) in ([US]) becomes 

*(t) = ( ^/v(*P-*)(V-t) ) L > (218) 



and it(i) in ()2.6p is now expressed by u(f) = a q + a g , where a g , a ? are the eigenvalues of (V) L in 
(p3D ([17\ (4.28) (4.29), [H] (2.26) and section 5): 



l f N _fN)( N _ N\ (,N ,N )( N _ Ns 

_ At P t )(y pl x ) _ u, t )(y p x ) _ 
aq y v^y^x?-y N ) ' ~ ^ 



(2.19) 



I.N _.N \ I N N \ (j-N _.N \ I N N \ 

At p t )(y pl y ) L _ (t p/ t )(y p y ; , . 

1 v?vZW-v N ) > ~ { y$y${x%-y N ) ' ~ 1 h 
with the variables a,a^ in (|2.16p . Note that a q ,a q are related to z{f) by the equality 

a q a q = z{t)z(uf) ■ ■ ■ z(u N ~H), (2.20) 

which is the connection between the determinant of ((^)^ =1 L^) and quantum determinant of &)f = i L^: 

det((g)g_ 1 Le) = (detg <S)&=i Lf)- It is shown in [51] that one can always reduce a t^ 2 ) -model to a 
(2) 

chiral Potts r^, through a procedure of a special gauge transform and the rescaling of spectral 
parameters ([41J (2.21) and (2.22)): 

(a, b, a', b', c) h-> (Az/ -1 a, ub, ua', \u~ W, c), v,\E C*. 

Indeed, a r^-model whose the parameters satisfy 

(c N a' N - b N )(c N z N - b' N )(a' N - b N )( a N - b' N ) + 0, 
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is equivalent to a t„\. The rest r^-models are either with the pseudovacuum state where the 
algebraic Bethe technique applies, or the "zero-temperature" [k' = 0) limit of CPM (see, [H] (3.20) 
and section 4.2). For the rest of this paper, we shall only consider the r^-model with the above 
constraint, and write 

r (2) (*) = T$(t), teC, 
with rapidities p,p' in a curve in (|2.8p or ()2.9p . 

2.2 The chiral Potts model and the degenerate selfdual model 

Using the coordinates (x, y, fj) of rapidities p, q in (|2.8|) or (|2.9p . one defines the Boltzmann weights 
of the CPM by 

w M (0) " V Wyp-^V W M (0) " ^ ^ y q -^y p ■ {2 - 21) 

The rapidity condition ensures the iV-periodic property of the above Boltzmann weights for integers 
n. For convenience, we shall assume W P:q (0) = W p , q (0) = 1 without loss of generality. Let W pq (n) 
be the Fourier transform of W pq (n) ([17J (2.22)-(2.24)): 



wljn) = Zk-oU nk W pq (k), ^M=Ul-i V9 ~ U l' lp '* q " p - (2-22) 



Denote 



9 M) :=niSw«w =©^nf=i 1 (^)^ 

:= det^(W M (i - *)) (= <W) = (<(0)) W ^( ggg^g y. 



(2.23) 



Using IE221) . one finds the identity ([J7j (2.44)0: 



g 9 (q) = N W-W-*}/» J]' . (2.24) 

It is known (2j El HHJ [25], [291 GO] that the Boltzmann weights in (|2.2ip satisfy the star-triangle 
relation 

AT-l 

WVO'' - n)W pr (j - n)W pq (n - f) = R pqr W pq (j - f)Wpr(f ~ f)W qr (j - f) (2.25) 

n=0 

tt g ( q y/ N 

where R pqr = Jp y qi with f pq = r J ^i/n ■ On a lattice of the horizontal size L, the combined 

L N 

weights of intersections with vertical rapidities p,p' between two consecutive rows define the ® C - 
operator, called the chiral Potts transfer matrix, commuting with the spin-shift operator X: 

Tpv'^mm = Il/=i ^p,Si ~ feW P >, q (j£+i - ft), ^ 2 26 ^ 

T P ,p>(q){j},{j>} = IlLi W P , q (je - fe) W P',q(h - fi+i)- 



The identity (|2.24|l is formula (2.44) in [TTJ where rapidities are in l|2.8|l . The same equality holds also in the 
degenerate model with rapidities in (|2.9[) . 
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Here q is an arbitrary rapidity, and € Zjv with the periodic condition imposed by defining 
L + 1 = 1. As in [T7J (2.39)-(2.42), the operators in (|2.26p are indeed single-valued in x q and y q : 
T p ,p'{q) = T P)P ,{x q ,y q ), f PjP >(q) = T PiP >(x q ,y q ), satisfying the relations 

l n n i(UJX a ,UJ Va) = ( 7 iL T7 \) -A ± n n'{Xa,Va), 

p,p \ qi tf£/7 \[l pl J, p ,(wXp-y q )(x p ,-Xq}' p>p V (2 27) 

T, uv i(ujx ,lo Vol = ( — E — 7 T7 t) -X T vo i(x a ,y a ). 

P'P v a9/ ^ ^ p p, p i[u)x p i-y q )(x v -x q ) ' PiP\ qivqi 

The star-triangle relation (|2.25|) yields the commutative relation for rapidities q and r: 

T PiP ,(g)T p , p ,(r) = {lf^f TpA r)f p ^ T p , p ,(q)T p , p ,(r) = (M^)% >p ,(r)T p , P iq). (2.28) 

Jpqjp'r Jp'qjpr 

The commuting family of Q-operators is defined by 

QpAl) = T p , p >(q r%, p >(q) = (Jf^) L T p ,pi(q)T p , p ,(q )- 1 (q € W w ) 

Jp'qJpqo 

where qo is an element in Wk> with non-singular T P)P i{qo) and T P)P i{qo). Note that for p ^ p' , the 
commutativity of the T PtP i- and T P)P /-family fails in general. Nevertheless, one can still diagonal 
the matrices T PiP /(q),T P:P '(q) by using two invertible (/-independent matrices Pb,P\v so that both 
Pw T P,P'(l) P B, p E lT P,P'(l) P w are diagonalized ([17] (2.34)). For convenience, we shall refer those 
diagonal entries as the " eigenvalues" of T p y , T p y . By (|2.28p , the diagonal forms of T p y , T p y are 
related by ([UJ (4.46)): 

TpAl) = {Y ± ) L T p , pl (q)D (2.29) 

Jp'q 

where D is a g-independent diagonal matrix. 

The CPM transfer matrices in (|2.26f) are the Qr, Q^-operator of the r^-matrix, satisfying the 
r^T-relations ([UJ (4.20) (4.21), [H]): 

T^(t q )T pp/ (Uq) = { ^-" x fv'-^ } L T ■ ( g ) + | (V^^) } I r (E 2) 

V <?/ p,p V -i; L y p y p ,(x p ,~x q ) > P.P W L y p y p ,(x p -y q ) > P<P V ,„ „„v 

f pp ,(t/g)r( 2 )(g = { (V "T )fa "! 9) } L T pp .(g) + { (yp " y f ^^ }^f pp ,(^ 2 g), 

p,p V ^; V q; l y p y p ,(x p ~x q ) > P'P W L y p y p ,(x p i -y q ) > P<P V 

where £/, i? are in (|2.10p . Using (|2.27p . one can write the first r^T-relation in (|2,30p in an equivalent 
form in terms of automorphisms U or U' ([T7J (4.31)): 

T^(t q )T p>p ,(Uq) = ^ q T PtP ,(q)+lp Uq XT Ptp/ (U 2 q), 
r^(t q )T Ptpf (U'q) = <p' q XT p , p ,(q) + v' ulq T PiP ,(U' 2 q), 



(2.31) 



where 



,_ \ _ s i t P '- t q)(y P -^ x q) ^L — (_ — \ _ f ul ^ P '^p( t p- t i)( x P '- x q) - [ L 

<Pq\.- <Ppffi>;q) ~ X y p y pl (x pl -x q ) J ' <PqK~ Vp^q) - \ y p y,(y p -ux q ) J ' , s 

I /_ / \ _ r "Mpy(y-*g)(j:p-!/g) -jL -rd l = jd \ _ r (y-a/g) -iz, ^ ' 

^gv Vp, P ';q) X y P y p i{y p i~y q ) > ' Vp,p';q> X y p y p ,(x p -y q ) S • 



Similarly, the second r^T-relation in (|2.30p can be written equivalently as 

Tp^'iUqy^itq) = <Ppf,p;qTp t pt(q) +Tp plp . Uq Xf p ^{U 2 q), 
f Ptp/ (U'q)T^(t q ) = ^ p ^ p , q Xf p ^(q)+% lp . ulq f Ptp ,(U' 2 y q ). 



(2.33) 
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Using r^T-relation (|2,3ip and the recursive fusion relation (|2.6p . one finds r^T-relation ( |f 7j 
(4.34) fc=0 ): 

r(j) (tq) = Yfm=0 Vq^Uq ' ' ' i PU™- 1 q J PU m + 1 q J PU m + 2 q " " " ^PU^ 



q 



.! (2-34) 



xT p , p/ (x q ,y q )T Ptp/ (uj m x q ,y q ) x T p ^ (u J x q , y q )T PtP , (u; m+1 x q , y q ) X X 3 m ' . 

3 Bethe equation of r^-model 

In this section, we establish the Bethe equation of r^-model by the Wiener-Hopf splitting method 
in EH. 



3.1 A general description of r^-eigenvalues 

First we describe a mechanism of constructing r^ 2 \t) as a general solution of equation (|2.7p . Let s 
be a (system of) variable (or variables) algebraically dependent on t, sq a base point corresponding 
to t = 0, and s *— > </>(s) an order-TV automorphism so that t can be expressed as a regular function 
of s with (fr(s) corresponding to cot. Assume z(t) in (|2.18p can be factored as the product of two 
s-functions, H + (s) and H~(s), with respect to a q ,a q in (|2,19p . such that the following relations 
hold: 

z(t) = H+(s)H-(s), = 1, f31) 

a q = H+( S )H+(4>(s))---H+(4> N - 1 (s)), a q = H-( S )H-Ws))---H-( ( t ) N - 1 (s)). 

The above relations are consistent with ()2.20p . Note that (|3.ip remains valid when replacing H (s) 
by 7 ±1 i? ± (s) with 7^ = 1. Using i7 ± (s) in (|3.ip . one can verify that an exact solution of (|2.7p is 
given by 

A(0(s)J A(0(a); 
where A(s) is a function with the constraint that the function in above right-hand side defines 
a i-function, (a condition automatically true in case s = t and cft(s) = ut). Using (|3,2|) and the 
recursive fusion relation in (12. 6p . one finds the following expression of r^-ei genvalue: 

r«)(t) = c^A( S )A(<^») Ei= +(000) • • • H+(^s) 

V x (3-3) 

x H~(<p m+1 (s))H~(0 m+2 (s)) ■ ■ • //-(^'- 1 (s))A(0 m (s))- 1 A(</» m+1 (s))- 1 w-( ,n+1 ) c3 J . 

In particular, by setting s = (x q ,y q ,/i q ) for q being the rapidity in (|2.8p or (|2.9p . and so being 
the element whose x-value equals to 0, the relations, (|2.18p and (|2.19p . imply (|3.ip holds for 
(H + (s),H-(s)) = ((p q ,~ipq) with <pq,y q in ([232]). The formula ([32]) (with = U in (jZUDD ) is 
an equivalent form of r^T-relation (|2.3ip . where A(s) is a T p y-eigenvalue. The relation (|3.3[) is 
equivalent to r^T-relation (|2.34p . Similarly, the first relation in (|2.33p is the same as (|3.2j) with 
(H + (s), H~ (s)) = (ip p ^ p]q ,Tp p/p . q ) and <f> = U . One may consider another pair of functions, H'~(s) 
and H' + (s), an order iV automorphism 0', and a base point s' with the relation 

z(t) = H>-(s)H'+(s), H'+(s' ) = l, 

a q = H'-{s)H'-{<t>'{s)) ■ ■ ■ H'-^-^s)), a q = H'+(s)H'+(<j>'(s)) ■ ■ ■ H'+^'^s)). 
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Write the solutions of (|2.7p in the form with the factor uj® in front: 

rW(t) = uflH^s)^ + • (3-5) 

By setting (#'~(s), H' + (s)) = ((f/ q rf q ) or &' p , tP . g ,%, p . q ), one finds the other r^T-relation in (IOT|) 
or (|2.33p with Sq the element with zero y-coordinate, <p' = U', and A(s) being an eigenvalue of T p y 
or T PtP r. Note that one may interchange the functions in (|3.2|) . or i7 /=1= in (|3,5|) . to form r^ 2 ^(t). 
The resulting ones can be obtained from the previous ones by changing Q,r 2 (i) to —Q,io~®T 2 (t) 
and A(cj) 2 (s)) to 0, A(s). However, in order to identify Q with charge of the eigenvalue r( 2 )(i), 
we need only to consider the cases (j3.2|) and (|3.5p . 



3.2 Bethe equation of chiral Potts model with alternating vertical rapidities 

In solving the eigenvalue problem of the -matrix, it will be convenient to choose the variable 
s = t with 4>(t) = <j>'(t) = tot in (|3.2p and (|3.5|) . In this section, we follow the method in [31] 
to construct the t-functions h (t) as and h' T (t) as H fT through the Wiener-Hopf splitting of 
With A(s) defined by 

A(t) = i p «F(t), F(t) = n/=i(l + ^) « # for j + i), (3.6) 
where P a is an integer, (|3.2() is expressed by 

^ w = „-* fc+w m + ^ fc - M) ^. ( , 7) 

The regular-function condition of r^ 2 \t) requires the roots of F(t) satisfy the Bethe equation: 

TT ^--'S = _ ujQ+ 2P a h-(-^W 1 ) i=1)mmmtJm (3 . 8) 



By (|3.3p . the functions T^(t) (j > 2) are expressed by 

'- i t)fe-(qj"+ i t)---fe-(^- i t)^-"(q+ 2p °> , 

(3-9) 



r a)m - u u-iXQ+Pa)F(t)F(u3t) v 3 ' 1 fe+ w- fe+ (^- 1 *) fe -(^ +lf )-fe;(^- lt v- n(Q+2Pa) . 
r (jv)(t) = uj-Q- p -F(t) 2 Yf~~ fe + w-fe + (^"~ 1 *)fe:(^" +1 _*)-fc:(^ JV ' 1 *)^~" (Q+2Pa) 



>n=0 F(a;"t)F(£J n + 1 i) 

The Bethe equation (|3.8p can also be characterized as the regular-function criterion of any one of the 
above r^(t)s. Similarly, when using the expression (|3,5|) with H ,::f (s) = h'^(t), and A'(s) = t Pb F'(t) 
with F'(t) = UjLii 1 + uv'A) as in ([331) . 



r«(t) = W 0-^'-(t)^ + ^^M)5^, ( 3 - 10 ) 



the Bethe equation takes the form 



(3.11) 
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with the T^' -expression 

V-l — W r { l ) r { u z ) l^n=0 F'(w n t)F'(w n +H) ' /» 19 \ 

W — w r W Z^n=0 FV n <)^'(^ n+1 *) 

Next we construct the functions h^(t), h'^{t) in the Bethe equation (|3.8p , (|3.1ip for a rapidity 
curve in (|2.8p or t|2.9j) . Write the functions in (|2,19p in the form 

tV** r r U» U N ,(t" ~t N ) r 

«9 = (^) L /?K) L > = ( ' T /?KT X (3.13) 

2/ P y p / y P y p / 

where (3(cr) is the following cr-function for the variable a in (|2. 16p : 

= T^TTx for Wk ' and W i> for ^FF fOT (3.14) 

Let Ct be a contour in the t-plane circled clock-wise around the interval between the elements, 
and t$, defined in (I2.15p . With t outside the contour, we define the function 



e + (t) = exp 



L f dt> n 



2iY"vri J Ct t' - t 



(3.15) 



where a, a' are in the "positive" sheet W + of W in (|2.13p : |A| < 1 for Ww and W{; 5?(x) < i for 
W", and 3?(x) < for W^". Note that outside the contour Ct, the i-domain can be lifted to the 
hyperelliptic curve W with the assigned er- value, by which <r can be regarded as a function of t, 
hence e + {t) coincides with the algebraic- function 

N _ N N _ N 

ft")* = (^v) # = - W(^r-j^)*. (3.16) 

More precisely, e + (t) is expressed by (|3.16p with the values of x and y restricted on the positive 
region W + of W in (12TT31) : 

:= W+ : |l _ fe x JV| > |l _ ky N \ < \k'\; W[ + : |1 - x N \ > 1, |1 - y N \ < 1; 

^ /,+ : R(l - a^) = R(^) > §; Wf+ : -$(x N ) = $l(y N ) > 0. '"' ' ' ' 

In particular, when t = 0, one takes x = with the corresponding cr-value being k' , 1, 1,0 respec- 
tively. For later use, we denote the negative region W~ of W by reversing inequality signs in (|3.17p . 
Let e~(t) be the function defined by formula (|3.15p where a' is in the negative sheet W~ of W, 
hence e~(i) again expressed by (|3.16p . We may assume e ± (u; Ar t) = e ± (t) by a suitable choice of 
phase- factors. Note that e =t (t) are indeed functions defined on the region W ± , and we shall also 
write 

e ±(t) = e ± {t,a) for (t,a) G W ± , 

whenever a clearer expression will be needed. 

Using the function in (|3.15p . we define the function h (t) in (|3,7p through the Wiener-Hopf 
splitting of otq, a q as formula (24a,b) in [31]: 
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where 7 is a constant factor determined by the condition h + (0) = 1. Indeed, the evaluation of the 
integral in f)3. 15j) shows that 7 is a iVth root of unity, 7 = ui p "' , with 

^ = 7(5^, l imi _^ = 7 - 1 (Z^) l (3 . 19 ) 
The expression (jSHSD yields the condition (|3TTj) with H± = /i ± (t): 

z(t) = h + (t)h-(t), a q = Ufjoh + (^t), a q = U?Joh-(uH), h + (0) = l. (3.20) 

Hence we can express T^'(t) by (|3.9p using /i ± (t) in (|3.18p and the Bethe solution F(t) for (|3.8p . 
One may use e~(t) to define the Wiener-Hopf splitting h' T of a q ,a q : 

h'-(t) = [^±] L e-(tW, ^ (f) = [ W(M ]t 1 (321) 

where 7' = uj p ~i' is determined by the condition /i /+ (0) = 1. Then one has 

linw ^ = Wm?)*, Hm^oo ^ = 7'- 1 (^) i W)^- (3.22) 

Using (|3.16p , one finds the algebraic- function-expression of h , h' T : 

(y-^ v"-** l {tp _ t)L ,i#-v" * _ f ( 7 -^ + W,7^W) for (t,a)€W + ; 
^T^F^ '^T l ^W J "\ (y-i/ l '-(t),y/ l '+(t)) for(t,a)€W- 1 j 

Note that for the general p and p' , the above expression holds on/y on a "half of Riemann surface 
W, i.e. W + (or VF~) where t can be considered as an algebraic function of a in the restricted 
domain, but not on the entire W except the special alternating superintegrable case discussed later 
in section B~3l Accordingly, the relation (|3.7|) (or (|3.10p ) is valid by regarding t as a function of the 
variable a, and it becomes the i-polynomial relation only in the alternating superintegrable case. 
The relation fl33D holds with H' T = ti T (t): 

z(t) = h'-(t)h'+(t), a q = Y[^h'-{uH), a q = Uf=oh' + (^t), h'+(0) = l, (3.24) 

with the T^\t) -expression ()3.12p by using /i' T (i)in (|3.22p and the Bethe solution F'(t) of (|3.1ip . 
Remark: The Wiener-Hopf splittings, (|3.2Up and (|3.24|) . of a q ,a q are related as follows. In the 
previous discussion, it is understood that the t-functions, /i ± (t) and h' T (t), are indeed functions on 
one sheet of the hyper elliptic curve W: 

h ± (t) =h ± (t,a), T^(t)=r^(t,a) (t,a)eW + ; 
h'T (t) = (it, a), (t) = r« (t, a) (t,a)eW~. 

For convenience, we define e + (i)* to be the function on W + by changing x N in e + (t) to y N : 

V N -v N l 

e+(t)*(= e+(i,<r)*) = (V"^)*' (t,a) e W+, 

x n , y 
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and h^(t)*, TV'(t)* are the functions of W + by replacing e + (t) by e + (t)* in (|3.18p . (|3.3|) respectively. 
Using (|3.16p . one finds 

rv i rv i 

e +(t)* = e + {t,a)(^)N =e + {t)(^)N (= e -(t, ^t)) = e -( t ) for (t, a) € 

Hence one obtains 

= fc+(t)(^£)w = 77 , - 1 /i'-(t), = /»-(4)(^£)tt = 7 ' 7 - 1 /i / +(t). 



For generic p and p', rv)(t)* is not a regular function, hence not equal to the t-polynomial r^\t). 
Indeed by (|3U]) . r^(t)*, (j > 2), is expressed by 



7v„ 2 



,. „, . . , h+(t)---h+(uj n - 1 t)h-{^ n + 1 t)---h-(^- 1 t){LO-^+ 2p ^\^)TT) n - , + i 

= m J-i F(t)F(uH) — - - - - -n, - °' f^M^r 1 

a; l J Ln=0 F(ui n t)F(u n +H) V Ql7 J 

By (I3.8p . the condition of T"'(i)* being regular at zeros of F{oj n+1 t) for < n < j — 2 is the 
requirement of (^ £ ) 1 ^ = 1 when t = —lu~ 1 v~ 1 (1 < j < J). If the functions a q and a g are 
not equal, r^'(t)* is not finite for t = t p ,t p f. Using the relation between h^(t)* and /i /=l= (t), one 

5} are not the i 

h-(ut) N h'+(ut) N 

h+(t) N = h>~(t) N ' e4 ulvai e liL LU «g = 
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) 

o n/~^+ nmfo f/ it' t- , 

Op, bp' 

concludes that the polynomials F(t),F'(t) in (|3.9p . (|3.12|) are not the same when a q ^a q . Indeed 
by (|3.8p and (|3.1ip . F(t) = F'(t) is provided by \+^]v = \/-^t) N > equivalent to a q = ±a q , 
which is the same conclusion for the polynomial condition of r^(t)*. In particular, when a q = a q , 
i.e. the alternating superintegrable case in section H~3l by (|3.12p . one finds T^\t)* = T^\t) with 

Pb = Q + Pa + -P7' — -P7 • 

4 Eigenvalues of Chiral Potts Transfer Matrix with Alternating 
Rapidities 

In this section, we discuss the eigenvalue problem of the transfer matrices T^y , T^y in (|2.26p for a 
rapidity curve in (|2.8[) or (1231) by employing the functions h^it), h' T {t) in ([318]) fl!T2"T|) . As in the 
homogeneous CPM case [10], we normalize the transfer matrices by multiplying a power of g p (q) 

N(N-l) 

and g p (q) in (12.23h to eliminate of the factor appeared in formula (I2.27p . Note that [i q 2 g p (q) is 
a function of x q and y q only, independent of fj, q , whose value under the automorphism T in (|2.10|) 
changes by 

^9 P (T q ) = ^^(^f) N ^9M- (4-1) 

i/p x g u^Xp y q 

The function # p (g) also depends on x q and y g only, i.e. g (q) = g p (q) with (x q , y^, fi q ) = (x q ,y q ,, ufj, q ), 
which follows from Wp )5 (0) = W f p>q (l) and = , By (I2T23]) . The relations, W f p Tq (0) = 

^ggg^w£(0) and (Mp^(^ - <) = < - <, in turn yield 

= 5r^(^r^)%( 9 ). (4.2) 

i/p x p A g 
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By " <)(a# - O = « - - <), the relations, gU and flOJ), imply 

Comparing the factors in (|2,27|) and (|4.3|) . we consider the normalized transfer matrices as in [TU] 
Sect. 2 : 

N(N-l) \ -JT 



(4.4) 

N(N-l) \ -JT 



V(q) (=V(x q ,y q )) :=T PiP ,(q)i n q 2 g p (q)g p ,(q) 

( N(N-l) 
2 9p'{q)9 P {q) 

By (|2.29p . the eigenvalues of V(<z) and V(q) are related by 

V(q) = V{q)D (4.5) 
where D is a (/-independent scale. By (|2.2Tj) . the following relations hold (see, [10] page 111): 

V(tux q , u~ l y q ) = u- L X- 1 V(x q , y q ), V{ux q , u~ l y q ) = u^ L X- 1 V(x q , y q ), (4.6) 



by which V(q),V(q) depend on the values of (t q ,a q ) in (|2,16p . up to a iVth root of unit)o In 
particular, V(x q ,y q ) N is a meromorphic functions of (t q ,a q ). 

4.1 Functional relations of the chiral Potts model 

The transfer chiral Potts matrix and the -matrix for rapidities in (|2.8p are known to satisfy a 
set of functional relations [T7], which again hold in the degenerate models with rapidities in (|2.9p 
( |41j section 5). Among the functional relations are the fusion relation ()2.6j) . r^T-relation (|2.3ip . 
r^T-relation $ZM) , and the TT-relation ([13] (13), [Ml (15)): 

Tp,p>(xq,y g )f p>p/ (y g ,tJx g ) = + z(t q )z(u)t q ) ■ ■ ■ zjut-Hq) T (N-j),j t / 4 7 n 

r p '(q)h j; p t pf(q) q a q ' q 

where ry(g) - ( (S^fK^T^KV 1 ^) j ' ^P^W ~ Ulm=i fe-c^Xy-^) J > Z W and «<? m 
(|2.18p . (|2.19p respectively. By (|2.34p and (|4.7p . follows the functional relation of the transfer matrix 
(13(4.40)): 

iV-l 

Tp :P '(y q ,x q ) = ^2 C rn(q)T p y(^ m x q ,y q )~ 1 T Pipl (x q ,y q )T Ptp/ (u; Tn+1 x q ,y q y 1 X' 



-m— 1 

~'mW;- t p,p'l uy AqiVq) - L p,p'\ : *q>yq) J -p,p'\. u ' ^qiVq) ^ 
m=0 



where C m (g) = p( 9 ) • • • ^-^(C^) ■ ■ ■ ^-l g )( j!^-^^^=^ )^. 

For the eigenvalue problem of the chiral Potts transfer matrix, it is convenient to express the 
functional relations in terms of the normalized operators (14. 41) . By (|2.23p . (|2.24p and 

g P (Uq)g P >(Uq) _ (y P -^x q ) N (t pl -t q ) N (x^-x^) g p {u' q )g pl {u' q ) _ (x P -y q ) N (t p ,-t q ) N (y^- y ^) 



2 More precisely, V(i 9 , er 9 ), V(f 9 , cr 9 ) are indeed meromorphic sections of a A?th torsion line bundle associated to 
the TV- fold covering xy-curve over W in (|2. 13f) . 
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the r^T-relation (fOU takes the form ([33] (35)): 

(,.N _„N\(j.N _tN\ N N ( N _ N\ 

r^(t q )V( Uq ) = Cl^^p ^) + *Kr)( { yX»Ktytl) )§XV ^ (48) 

Note that one can also derive the above relation using (|2.33j) and (|4.5p . 
Denote 

r,(t q ,a q ) := a q X~^\t q ) + z(t q )z(ujt q ) ■ ■ ■ z(J-H q )^ N - j \uH q ), < j < N, (4.9) 
where the variables t, a are in (12, 16ft , By using (12.27h . the TT-relation (14. 7ft is the same as 

(uj J y q ,x q ) = rj(t q ,a q ) (4.10) 



(i) 

where T q is defined by 

(i) _ M^iVp - Xq ){y p ' - Vq ) T-T -j-r O^-a^ £ 

9 " W^ 1 ^ 1 ^ - yg )(. P - x,) ii (V " tq) l\ w ~ 1 • 

Define 

?t N-l 

~ 2L -r-r , k 7ri(iV-l)(iV+4) 

m=(o N J[<u k t)», Co:=e i" \ 
k=l 

By (I2T23D (rX24"j) . the TT-relation (ITOJ) becomes ([10J (8)): 

af((ujH q )V(x q ,y q )V(^y q ,x q ) = rj (t q ,a q ), ((t q )V(x q ,y q )V(y q ,x q ) = r( N \t q ), (4.11) 
where the -^th-power of a q in (|2.19p carries the phase- factor u) K Hence we obtain 



(4.12) 



V N (x q , y q ) nf=i V(<Jy qi x q ) = u;^^ Ci L a(a q )- N a(a\)^ Uf=i rj(t q ,a q ), 

(nf=i ^(^ 9 ,y ? ))(nf=i = c 2L «K)^«(4)^ nf=ir (iv) (^^ 

By formula (3) of [10j . one finds 

N-l ,N-1 x — L 

\\ T p y(u; J x q ,y q ) = Cs(y q )( (y q - uj J+1 x p y (y p > - ^y q ) 3 

3=0 V j=l 

for some (/-independent constant C, and a matrix s(y q ) of degree iV(iV — 1)L with y^-rational- 
function entries, finite when both x q ,y q are finite. Hence 

N-l 

J] V(Jx q ,y q ) = tfafrJ^Sfa) (4.13) 

3=0 



where the entries of matrix S(cr q ) are u^-rational functions with only possible pole at a = ( [10] 
(4) j!. Using (|4"3j) . (USD, and (|4TTT]) - ([4TT3l) . one can express V(x q ,y q ) in terms of and t'^: 



V^y*)* =Co L ^^«K)^5(a 9 )nf = i- 



tfaijE? n£i i^- (4 ' 14) 



For the rapidities in 2U fc / (|2.8|) . cr 9 = X q by (|2.16|) . and formula (|4.13|) here is the same as [TO] (4) except the 
;orAq~'- JV ~ 1 ' )L/ ' 2 . The difference is due to the extra factor fi^^" 1 ^ 2 of V(q) in (14. 4[) we add in this paper. 
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4.2 Eigenvalues of a finite-size transfer matrix V(q) of the chiral Potts model 

In this subsection, we computer the eigenvalue V(x q ,y q ) using the Bethe solutions, F(t q ) and 
F'(t q ), of equation lETTD . where h ± ,h' :f are defined in ([3TT8J) . ([3T2TJ) respectively. By (13331) . 
the r^T-relation (14.81) can be written as 



(4.15) 



\ r .f q I 



V 

L 



r^{t q )V{U'q) = h'-(t q )^f^XV(q) + h'+(ut q )^^V(U' 2 q ). 

p "p' t q > 

Here the iVth root-of-unity 7, 7' in h + {t q ), h'~(t q ) are absorbed in the -^th power of t^, — t q . By 
(14TJ1) and (I4TT5T) . the r^T-relation can also be expressed by 



r^(t q )V(U' q ) = h+(t q )^^u; p XV( q ) + h-{ut q )^f^u- p V{U'\\ 



L 



-W(t q )V(Uq) = h'-(t q ) ( -^^u;- p V( q ) + h'^t q )^^u p XV{U\), 



(4.16) 



where ui p is some iVth root of unity. Note that for generic p and p', the variable q are restricted is 
(t q , a q ) G VK + for the first relations of (|4. 15 [l and (|4.16|) . with but (t q , a q ) G for the second ones 
there. By fl3J|, rj(t,a) in gj| and T^ N \t) are related by ([M] (30abc)): 

rj(t, a) = u-M+ p °)h+(t) ■ • • ^(.i- 1 ^^)^), 

rj (t,^)=^ P -h-(t)h-{ujt)---h-(^-H)^^-T( N \t) 

for j = 1, . . . ,N, where (i, <r) G 14 7 " 1 ". The product of formulas in (I4.17p . together with (j3.20p . yields 

TT" r (t J) - ^ n ^ F( " H) r (m (t) N 

Substituting either one of the above relations into (|4. 14[) . one finds the expression of V(x q ,y q ) : 

9 9 n^^v-^-Mn^^n^)^^^^^))^ 



By the properties of S(a) in (|4.13p and F(t) in (|3.6p . the analysis of power orders near points where 
t = or t = 00 with a finite y-value in turn yields the expression 



(Uk=ih + (u;H q f)(UU F ^)) 



1 



S(a q ) n fc=1 (V - " V* >^ - = x Px y P y ^- p »q(jj^ (4 . 18) 



where P x ,P y and are integers with = (mod iV), and G(a q ) is an algebraic function of a q 
with (t 9 , a q ) G PF + and a finite value except where F(t q ) = or a = a\. To avoid the ambiguity of 
assigning integers P x ,P y in case W{" where x q differs from y q by a constant factor, for the rest of 
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this subsection, we shall assume the rapidity curve not equal to W{" , i.e. W = Wy ,W{,W" . The 
integers P x ,P y ,Pfj, are chosen so that G(0) ^ with G{a q ) taking non-zero value when t q = 0, (P M 
is defined to be zero in the case W = W"). Hence 



L 



-Pi* F(t q ) 



V(x q ,y q ) = C N x^y^ N ^ - ™ kL G(a q ), (t q ,a q )eW + . (4.19) 

By the consistency of Bethe relation (|3.7p and r^V-relations f)4. 15|) (|4.16p . the integers P x ,P y 
satisfy P x = P a , P y = P a + Q + P (mod N) where P is in (pl~T6j) . Similarly, by (pTHj) one finds 

r i (t,at)=^-«)(nJi/»^( W **))^rW(t) > 
for (i, er) € W~ , which in turn yields 



(4.20) 



V(x q ,y q ) = ^x^ f i~ P - u^^, ^L G'i,a q ), (t q ,a q )eW~, (4.21) 
where P' x = P b - Q - P, P' y = P b (mod JV), and G'(a) is defined by 

( /wnEi'iv -»*.)" ) » w ^r^ = tff^M (4.22) 

such that Gr'(CF) ^ and G'(a q ) is non-zero when t q = 0. Therefore one obtains 

P X + P y = Py+P' x =P a + P b . 

Note that (|4.19[) and (|4.2ip are valid on W + and W~ respectively, but the formulas are not true on 
the whole Riemann surface W in general when the vertical rapidities p, p' are arbitrary. One needs 
both relations, (|4,19p and (|4.2ip . for an equivalent expression of the iVth TT-relation in (|4.1ip : 

where (i ? , <r ? ) G Ty + , and d, m are integers with Nd := P^ — P^, and iVm = P£ + P y — (P x -\-P y ) = 
(mod iV). One can also use the variable (t q ,a q ) G W^ - to the express f|4.23j) by interchanging 
a q ,x q ,[i q with o\,y q ,ii~ x respectively. The right hand sides of (|4.23p are algebraic functions of t, 
invariant when replacing t by u)t, and they define the same function when m = 0. It is known that 
y q is a never- vanishing function on W + when W = Wy {\k'\ < 1), W{,Wi] while x q is non-zero 
on W + when W = Wy {\k'\ > 1). Correspondingly, we denote the i-function of the right hand 
side in (|4~23j) by P(t). Then P(0) ^ 0, and P(i) is indeed a ^-function. In the case W{, one finds 
m = in (|4.23|) . where two relations define the same function P(t). By adjusting the integers P a 
and P;,, one may assume P x = P a , P y = P b in the first relation of (|4.23p . or P y = P a + Q + P, 
P£ = P b — Q — P in second one. Hence P(t) is expressed by 

Pit) - r*-* rW(t) ^( ^(V-^) } f (4 24) 

n * J *« P(t)P'(t) Al ( ^Av(*P-w fc t) ) ( j 



, , , . (4-23) 
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with -P(O) ^ 0. The above P(t) is related to the functions, G and G', by 



Dy Nm ^ Nd G(a q )G'(al) = P(t q ), (t q ,a q ) G W+ (\k'\ < 1), W[ + , W[ 
Dx- Nm ^ Nd G{a q )G'{a\) = P(t q ), (t q , a q ) G W+ (\k'\ > 1), W{+. 



"+. 



(4.25) 



Note that d = in the case where P^, P^ are defined to be zero. In the case W = Wy or W{, 
a q = ii, q , and the oo-limit of t q in W + corresponds to oo-limit of x q with a finite y^-value. When 
t q — > oo, one finds d > in the first relation of (|4.25p . and d — m > in the second one. Note 
that as functions of W, the t^-function P(t) in (|4.24|) can be decomposed as a product function : 
P(t) = Q(a)g(a*), where Q(a) is a u-function for cr G C. However, the functions G(a), \x q Nd G'(o~*) 
in (|4.23p can not be expressed as £/(o"), G{cr^) in general (for arbitrary p',p'). Indeed, say when 
m = 0, the relation (|4.25p implies that there exists some factorization of P(t) = G{<j)G{(J^) such 
that G(a) = Q(a)g(t,a), fi Nd G'(a) = G(a)g'(t,a), where g(t,a) and g'(t,a) are never-vanishing 
functions on W + ,W~ respectively such that Dg(t,a)g'(t,a^) = 1 for (t,a) G W + . 

For the rest of this subsection, we determine the quantum numbers P a , Pj in the case of generic 
p and p'. We leave the special, i.e. the alternating superintegrable (|4.29p . case in the next sub- 
section. By the L-operator expression (|2.1|) with parameters in (|2.17|) . the eigenvalue T^- 2 \t) is a t 
-polynomial of degree L with the leading and constant terms given by 



t ^T = (— + r( 2 )(0) = l + ^z(0). (4.26) 

t-*oo t h y p y p ) ' 1 



On the other hand, T^ 2 '(t) is expressed by (I3.7P and (|3.10p . where F(t),F'(t) are the Bethe solution 
of (HL8]), (13TTT) respectively. Using (ETL91) . (1^22|) . (l330|) and ([3T24"j) . one obtains another expression 
of the leading and constant terms of r^ 2 \t): 

linw = (^L)L (w -P.+P 7 -J-i + ^+ P - P ^+V>J) 

= ( ^) L ^ Q - Pb+P ^ J '- L ^>^ + ^-^' +i+J V>f(^M?)^), (4-27) 
r( 2 )(0) = w" p » + c^ +p >z(0) =w p 6+c/2- p 6z(0). 

For generic in (|2.17j) when both z(0) and /Up/^y not being iVth roots of unity, the relations, 
(|4.26|) and (|4.27|) . imply the following constraints of the quantum numbers in (|3.8p and (|3.1ip : 

P a = P b = 0, J = Pry — L, f = Py -L + r. (4.28) 

where r is the integer determined by p^l^i = (Hp (j,^) ww" r . In this situation, /i ± (t) in (I3.18P is 
defined only on W + , while h'^(t) in (|3.2ip defined only on W~. By the discussion in section [3T2l 
F(t) in (|3.8p and F'(t) in (|3.1ip are different polynomials. The eigenvalues of chiral Potts transfer 
matrix defined by (|4.18p and (|4.19p are in one-to-one correspondence with eigenvalues (|3.7p of 
r^-matrix obtained by the Bethe equation (|3.8p . Hence the r^-matrix is non-singular when the 
rapidity parameters p,p' in (|2.17p of the L-operator ()2.ip are generic. The corresponding chiral 
Potts eigenvalues are expressed by ()4.19f) and (|4.2ip . which satisfy the relation (|4.15p . 
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4.3 Eigenvalues V(q) for the alternating superintegrable chiral Potts model 

The alternating superintegrable casj^l is when the vertical rapidities p, p' in (|2.17p satisfy one of the 
following equivalent relations: 



x£ = y$ y* = x% a p = crj, = S«f (4.29) 

where the variables a, are in (I2.16p . and a q ,a q (q G W) are functions in (I2.19p . When the 
rapidity curve is in f|2.8[) or W[ in (|2.9p . the above conditions are equivalent to \ p \ p i = 
1. In the alternating superintegrable case, the function 7 ~ pfjy with the Bethe solution F{t) of 

(|3.8p is a t-polynomial: ^wM^ £ C[i]. Indeed by (|3.9p . ^wM^ 1S regular except the zeros in's 
of F(t). By (|3.20p . the finite- valued condition of r ^J^ at io' s is equivalent to the vanishing of 
^■h + (u~H)F(u~H) +uj( Q+2P ^h-(t)F(u;t) at t 's, which is the same as the Bethe condition 
when a g = a q . In this section, we discuss the alternating superintegrable case. Write 



i i 



x p = u m y p >, Xp> = uj m y p , ^pfjLp/ = io 11 (m,m',n G Z), (4.30) 
and define the variable t := - l y i . Since e ± (t) = 1, the functions /i ± (t), h' T (t) in (|3.18p . (|3.2ip are 

h+(t) = h+(t) = (1 - W- m 't) L , h~(t) = h-(t) = cja+m+m'+n)!,^ _ w -m t )L. 

/l'"(t) = h'-(t) = ^(l+m+m'+n)^^ _ ^-m^L ^/+^) = h /+( t ) = Q _ w -m t )L 

(4.31) 

with P 7 = —m'L and Py = (1 + m + n)L. The above t-polynomials are considered as functions 
on W. Using the relation between and h'^, the expressions (|3.7p and (|3.10p for T^ 2 \t) are the 
same with F(t) = F'(t) and P b - P a = Q + (1 + m + m' + n)L (mod N). The uo p in P~T6|) is given 
by P = Py - P 7 . Write F(t) in ([MD as F(t) = F(t) = II^iC 1 + uvfi) where v 3 - = y p y p '^. Both 
(|3.8p and (|3.1ip define the same Bethe equation: 

(id^)i = _ w -^rjJ !^ i = l,...,J. (4.32) 
Hence t 3 (t) in (|3.9p and (|3.12p is expressed by 

r^M-uU-m^MFfuit)^' 1 {( i -^' m/t )---( i -^' m/+n ' lt )( i -^- m+ " + ^)---( i -^' m+j ' 1 ^}^-" (Pa+Pft) 

W~ f W r l w Z^n=0 F(w' l t)F(w' l + 1 t) 

In particular, one obtains the t-polynomial 

rWft) _ _p 6 {(l-a)- m/ t)-(l-a;- m '+ n - 1 t)(l-4j- m +"+ 1 t)-(l-a;- m + JV - 1 t)} L a;- n ( p °+ p b) ( 4 oo\ 

F(t) 2 _ W 2^n=0 F(w™t)F(w"+ 1 t) • l" 1 - 00 ; 

Now (I4TT81) and (ET22J) are defined on W with P^ = P^, P y = P' y . The functions G, G' (by a proper 
choice of phase-factors) are related by 

G(a)=fi Nd G'(a), Nd : = P M - i*. 



4 Here we use a slightly general notion of alternating superintegrability than that in QT| (6.1), |12j (14) or [T7] 
section 6, where the alternating superintegrable CPM is when x p i = y P , y p i = x p . Our general setting includes one 
special case of XXZ chains associated to cyclic U q (sl2) representations with both q and the representation parameter 
? being iVth roots of unity [40] . 
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The eigenvalue in (|4.19p . equivalently (|4.2ip . becomes 



n£i x (v-^%)^ 



V(x q ,y q ) = C N x^^ yqJ , ^ G(a q ), (t q ,a q )eW. (4.34) 



where G(a) in (|4.25p and the t -function P(t) in (|4.24p are expressed in the following form: 

DG{o)G{rf) = P(t), (t,a)€W, 

m ^ct-^TS^(S^^)^^, p(o)^o, (435) 

(rr/ — m — n — 1)(N— 1)L D D i / 7\r i \ r -I- 

with C = w ; a KVpW) ■ The 

non- vanishing of G(<j) and G{cr') when 

t q = implies the integers P a ,Pb satisfying 

0<P a + Pb<N-l, P b - P a = Q + (l + m + m' + n)L (mod N). (4.36) 

Note that the relations, (|4.34|) and (|4.35p . are still valid when the rapidity curve is W[" in the 
alternating superintegrable case. By (|4.26|) . (|4.27l ) and z(0) = UJ ( 1 + n + m + m ') L } one finds 

1 + uP-P' = ujPo + u-P; 1 + ujQ+* l = ^-Pa-m'L-J-L + ^Q+Pv+m'L+L+J+nL^ 
which imply 

P a = 0orP b = 0, J + P b = (m + n)L + Q, (m + 2m')L (mod N). (4.37) 

The parameters in the L-operator (|2.ip of r^ 2 ) -models equivalent to the alternating superin- 
tegrable case satisfy the relations: = 1, = b' N ,a' N = b N ([H| (2.23)). These models are 
characterized by uj m , u m ' , to 11 in (|4.30p with the L-operator 

L(t)=( (l-^ +1 X)Z \ 

\ -t{l-uj m ' +n X)Z- 1 -t+uj m+m ' +n+1 X J' 

The chiral Potts transfer matrix T p w(q) with p,p' in (|2.8p or (|2.9p can be constructed from the 
r' '-matrix as a Baxter's Q-operator (see [17\ [T9] or [41j section 3.1). For each r^-ei genvalue, 
one associates the i^-function P(t) in ()4.25p . Each factor function G(a) of P(t) gives rise to 
an eigenvalue (|4.19|) of T PtP /(q). Hence the degeneracy of r^-model occurs, with a power of 2 
degenerate states for each r^-eigenvalue. Note that the Q-operators of the same r^-matrix in 
this context are distinct for different choices of rapidity curves. It is known [40J when N is odd: 
N = 2M + 1, the r^ 2 ) -model with LJ m + m '+ 1 = W n = 1 is identified with XXZ chains associated 
to cyclic Uq(sl2) representations with both q and the representation parameter <j being Nth roots 
of unity. In these cases, the -degeneracy carries the s^-loop-algebra symmetry. In particular, 
when m = m' = M, the r^-model is the spin-^p^ XXZ chain, with the Q-operator identified with 
the homogeneous chiral Potts transfer matrix for p = p': (x p ,y p , fi p ) = {oj M r]z , r/z , 1), where 7] is 
in (I2.14|) . In this case, the s^-loop-algebra symmetry of XXZ chain inherits the Onsager-algebra- 
symmetry induced from the Hamiltonian chain of the chiral Potts model 
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The homogeneous superintegrable chiral Potts model is the case (j4.29j) when p = p' W'" with 
the coordinates 

p=p : (x p ,y p ,Hp) = (uj m+K rj 2 ,u K rj 2 ,^2), 

where r\ is in (|2.14p . The r^ N \t), P(t) in (|4.33p and (|4,25p respectively are polynomials expressed 
by 

T w (t) = c -H^F(trp(t), p { t) = cu-* Et-o 1 a^y^X^y ^ 

where C = uj~ ' 2 ~ {oj 2k vi ±l }- p a.- p b+{N-i)L ^ am j p a ^p b are integers in (|4.36p with m' = m. 
Indeed, P(t) is a t^-polynomial which defines the evaluation polynomial of the Onsager-algebra 
symmetry in the homogeneous superintegrable chiral Potts model [33]. The homogeneous super- 
integrable CPM with rapidities in Wk> and m = k = n = has been discussed extensively in 
literature, and the eigenvalues of chiral Potts transfer matrix are given in [1] [8] [9l [TO ] 112]: 

where G(X q ) satisfies G{X q )G{X~ l ) = -pj^- By (|4.4p . one finds 

7ri(iV-l)(iV-2)L L -Pa-P b , 

V(x v)- 6 " N V 2 xV»a- Pli (rJ tq) G(X) 

V{x q , y q ) — uPbF(urj) Xq y qN u N^ {1 _ uk ^ Hq)W ^)- 

Then the eigenvalue S(X q ) in (I4.13P is expressed by 

, S(X ) . 1 A/271 2 p p — p _ , , , fq(jV-l) 

Hence G(X q ) relates to G(X q ) by 

so that (prig]) . P~T9j) and P~34"|) hold. The evaluation polynomial P(i) is defined by (f¥T39]) with 
m = k = n = 0. The relation (|4.25|) holds for D = u h pU\ ( = elP )> where P is the total momentum 
f [T7] (4.49), [I] (2.24) jU. The quantum numbers, P a ,P fc and J, are the integers in ([OS"]) (OTj) . 

now expressed by 

(i) 0<P o + P 6 <iV-l, P b -P a = Q + L (modJV), 
(it) P a = or P 6 = 0, J + P 6 = 0, Q (mod JV). 

The above (i) is the condition [llj (6.16), p2] (24) for r = 0, and [1] (C.4) in the case iV = 3. 
The condition (ii) could be known for the specialists as it is supported by the numerical studies for 
N = 3 in Table I of [1], but it seems not appeared in literature before to the best of the author's 
knowledge. This novel constraint is consistent with the total momentum e lPL = 1 condition: 
LP b = J(Q - 2P b - J) (mod N) (pQ (C.3), [33] (63)), and it also agrees with the conclusion, P a = 
or P b = 0, in the algebraic Bethe ansatz discussion of -model ([37] section 3.2). 

Here we use the convention in |17| . where the total momentum differs from that in [l] (2.24) or [34] (62) by a 
minus sign. 
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5 Concluding Remarks 



In this work, we study the eigenvalue spectrum of a finite-size transfer matrix of the chiral Potts 
model with alternating rapidities by use of the functional relations in [17] . Here the rapidity curve 
is either 2BV in f)2.8|) [18], or a curve in (|2.9|) for the degenerate models, which include the selfdual 
solutions of the star-triangle relation (|2.25p [21 [3j [251 EO] • We first establish the Bethe equations, 
(pTBI) and ([3TL]) . of r (2) -model through the Wiener-Hopf splitting (f3T8l) (ET21]) of a q and a q as 
in [31]. We express the r^-ei genvalues by using the Bethe solution, then obtain the expression, 
(|4.19p . (|4.2ip together with (|4.25p . of eigenvalues V(x q , y q ) of the finite transfer matrix in CPM. The 
procedure enables one to solve the eigenvalue problem of CPM of a finite size. In the alternating 
superintegrable case (|4.29p . the -models for all k' are the same, produced by the L-operator 
([4.38P with a simple form of Bethe equation (14.32[) . As in the homogeneous superintegrable CPM 
[34] . the degeneracy of the r^-matrix occurs, and the chiral Potts transfer matrix serves a Q- 
operator of the r^-matrix. The eigenvalues, (|4.34p and (|4.25p . of the chiral Potts transfer matrix 
share a similar structure as those of homogeneous superintegrable CPM in [Tl 111] [T2]. We find the 
derivation in this paper has enhanced our structural understanding about the natures of eigenvalues 
in CPM. The explicit calculation will lead to some physical implications as compared with previous 
works in homogeneous chiral Potts model in [HE1ET]. In this work, we study the CPM mainly from 
the aspect of the hermitian quantum chain case as in [31]. The physics of the quantum spin chain 
Hamiltonian is different from the statistical model with the positive Boltzmann weight case, which 
was the main concern in [UEKH], (see, e.g. [3J). These two cases overlap only in the critical limiting 
case of [25]. In this paper the issues about the peculiarities of those various physical regimes were 
not discussed. Here, just to keep things simple, we restrict our attention only to the mathematical 
aspect of eigenvalue spectrum of the finite-size transfer matrix. We leave the physical discussion of 
ours results, and possible generalizations to future work. 
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